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Nanoplate Model for Platelike Nanomaterials

Haitao Zhang∗ and C. T. Sun†

Purdue University, West Lafayette, Indiana 47907

A plate model is developed for nanostructured materials possessing platelike geometry, such as ultrathin films.
The dispersion relations of a three-layered nanomaterial are analyzed with both the nanoplate model and the lattice
model to show the effectiveness of this nanoplate model. Cylindrical bending of a three-atom-layered nanoplate
is analyzed with the nanoplate model, the lattice model, and the continuum Mindlin plate theory. It is found that
the nanoplate model predicts the deflection in good agreement with the lattice model. The continuum Mindlin
plate theory tends to underpredict the deflection. This result indicates that, if the continuum plate theory is used
to extract the Young’s modulus of a nanomaterial, the value could be significantly underestimated.

I. Introduction

N ANOTECHNOLOGY is considered the most promising and
challenging technology to be explored. Recently, many ef-

forts have been made to develop and apply materials at the scale
of nanometers. Some promising applications have already begun
to emerge. Among them, ultrathin polymethylmethacrylate films
have been used to store information up to 500 Gbit/in.2, which
is about 40–50 times more than today’s best research demonstrations
with magnetic recording.1 Nanotube has been used as nanoprobes
in scanning tunneling microscope,2 atomic force microscope,3 and
transistor components.4 Those applications have also brought new
challenging problems in analyzing mechanical properties of mate-
rials at the scale of nanometers.

Although conventional continuum mechanics, including struc-
ture mechanics such as beam, plate, and shell theories, has been the
dominant tool for modeling materials and structures, the validity of
its applications in modeling mechanical behavior of emerging nano-
materials and structures/devices composed of nanomaterials5,6 has
been questioned. For example, continuum mechanics have been of-
ten employed in the data analysis of experiments involving nanoma-
terials with questionable results.7 Molecular mechanics is a natural
tool for simulating materials at the nanoscale. However, its capabil-
ity is limited by its need of extraordinary computing power. To aid
the future development of nanotechnology, it is essential that new
tools be developed that offer the simplicity of continuum mechan-
ics and the ability to account for the nanoscale characteristics of the
material.8

Platelike nanomaterials are materials that have nanometer dimen-
sions in the thickness direction. Ultrathin films, nanolaminates, and
platelets in nanoclay are good examples. For this type of nanomate-
rials, their large in-plane dimensions justify the use of the continuum
description in the plane to achieve simplicity. The discrete atomic
characteristics in the thickness direction must be retained. Along
this path, a semicontinuum model has been recently proposed by
Zhang and Sun9 for platelike nanomaterials. In this model, the dis-
crete property along the thickness is retained while the in-plane
dimensions are treated with the classical continuum approach. With
this model, Sun and Zhang10 have investigated the size dependence
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of Young’s modulus and Poisson’s ratios of platelike nanomateri-
als and found that elastic moduli of materials are size dependent at
the nanoscale. Their prediction of size-dependent Young’s modulus
was consistent with some experimental observations.11

In the present paper, the aforementioned semicontinuum model
is used to develop a nanoplate theory that can predict the response
of platelike nanomaterials under external loading. The equations of
motion are first derived with Hamilton’s principle. Dispersion rela-
tions of harmonic wave propagation in a three-layered nanomaterial
are then analyzed with the nanoplate model and the lattice model
to evaluate the accuracy of the nanoplate model. Finally, possible
pitfalls in using the classical continuum theory to interpret experi-
mental data on nanomaterials are discussed.

II. Field Equations
Consider a rectangular platelike nanostructured material of uni-

form thickness as shown in Fig. 1. The x and y axes are in the mid-
plane. The discrete points represent atoms. The distance between
two atoms is referred to as a. Along the thickness, there are 2N + 1
atom layers. Henceforth, layer number indicates the total number
of atom layers in the thickness direction of the nanomaterial. The
in-plane dimensions of the material are assumed to be very large
compared to the atomic spacing. Each atom interacts with its near-
est and next-nearest neighbors, and the interactions are represented
by force constants α1 and α2 (Fig. 2), respectively.12 Although an
ideal cubic structure is chosen for this study, the approach proposed
in this paper can be readily extended to nanomaterials with other
crystal structures.

In this paper, we ignore the difference between spring constants
for surface atoms and interior atoms. Moreover, we do not consider
three-body and many-body interactions. Ignoring such interactions
may result in the Cauchy symmetry in effective continuum moduli.
This deficiency may be reduced by incorporating a third force con-
stant to account for the effect of three-body forces.13 However, the
effective Young’s moduli and Poisson’s ratios for face-centered cu-
bic (FCC) materials obtained based on the lattice model with these
simplifying assumptions seem to agree with those obtained with the
molecular mechanics simulation with the embedded-atom-method
potentials.14

The resulting components of translational displacement at an arbi-
trary atom located at (x , y, and la, where l is an integer) are denoted
by ul (x , y, t), vi (x , y, t), and wi (x , y, t), whereas the correspond-
ing components at the midplane are u(x , y, t), v (x , y, t), and w(x ,
y, t). Similar to the development of Mindlin’s plate theory15 the
displacements of atoms in the lth layer are approximated with the
following two-term expansions:

ui (x, y, t) = u(x, y, t) − laψx (x, y, t) (1a)

vi (x, y, t) = v(x, y, t) − laψy(x, y, t) (1b)

wi (x, y, t) = w(x, y, t) − lav(u,x + v,y) (1c)
2002
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Fig. 1 Platelike nanomaterial.

Fig. 2 Nearest and next-nearest neigh-
bor interactions of a selected element in
the x–z section.

in which ψx and ψy can be interpreted as the rotations of the cross
sections of the nanoplate and v = α2/(α1 + α2) is Poisson’s ratio for
cubic nanomaterials with three layers of atoms.10 The second term
in on the right-hand side of Eq. (1c) represents the displacement in
the thickness direction that results from in-plane deformations εx

and εy through Poisson’s effect.

A. Strain Energy, Kinetic Energy, and Work of External Loads
In this section, the total kinetic energy T , strain energy U , and

work of external loading , W , of the nanomaterial are derived. The
kinetic energy and strain energy are obtained in the same man-
ner as described in Refs. 9 and 10. First, the kinetic energy in the
nanoplate can be obtained from the approximate nanoplate displace-
ments given by Eq. (1). We have

T = ρa

2

N∑

l = −N

∫ ∫

A

[
(u̇ − laψ̇x )

2 + (v̇ − laψ̇y)
2

+ (ẇ − laνu̇,x − laνv̇,y)
2
]

dx dy (2)

where a dot denotes differentiation with respect to time, A is in-plane
area of the nanoplate, and ρ is the mass density defined as

ρ = m/a3 (3)

in which m is the mass of a lattice point (an atom).
The total strain energy U is obtained as

U =
∫ ∫

A

[
Nα2(1 − ν)2 + (α1 + α2)

(
Nν2 + N + 1

2

)]
u2

,x dx dy

+
∫ ∫

A

[
Nα2(1 − ν)2 + (α1 + α2)

(
Nν2 + N + 1

2

)]
v2

,y dx dy

+
∫ ∫

A

[
N − 1∑

i = 0

α1(l + 1)2a2 +
N − 1∑

i = 0

3

2
α2(l + 1)2a2

+
N − 1∑

i = 0

1

2
α2l2a2

]
ψ2

x,x dx dy +
∫ ∫

A

[
N − 1∑

i = 0

α1(l + 1)2a2

+
N − 1∑

i = 0

3

2
α2(l + 1)2a2 +

N − 1∑

i = 0

1

2
α2l2a2

]
ψ2

y,y dx dy

+
∫ ∫

A

Nα2ψ
2
x dx dy +

∫ ∫

A

Nα2ψ
2
y dx dy

+
∫ ∫

A

Nα2w
2
,x dx dy +

∫ ∫

A

Nα2w
2
,y dx dy

+
∫ ∫

A

Naα2ψx,xψx dx dy −
∫ ∫

A

Naα2ψx,xw,x dx dy

−
∫ ∫

A

2Nα2ψxw,x dx dy +
∫ ∫

A

Naα2ψy,yψy dx dy

−
∫ ∫

A

Naα2ψy,yw,y dx dy −
∫ ∫

A

2Nα2ψyw,y dx dy

+
∫ ∫

A

N − 1∑

i = 0

α2(l + 1)2a2ψ2
x,y dx dy

+
∫ ∫

A

N − 1∑

i = 0

(l + 1)2a2ψ2
y,x dx dy

+
∫ ∫

A

N − 1∑

i = 0

2α2(l + 1)2a2ψx,xψy,y dx dy

+
∫ ∫

A

N − 1∑

i = 0

2α2(l + 1)2a2ψx,yψy,x dx dy

+
∫ ∫

A

(
Nα2 + α2

2

)
u2

,y dx dy +
∫ ∫

A

(
Nα2 + α2

2

)
v2

,x dx dy

+
∫ ∫

A

(
2Nα2 + α2 + 2Nα1ν

2 + 4Nα2ν
2

− 4Nα2ν
)
u,xv,y dx dy +

∫ ∫

A

(2Nα2 + α2)u,yv,x dx dy

+
∫ ∫

A

[
N − 1∑

i = 0

1

2
α2(l + 1)2a2ν2 +

N − 1∑

i = 0

1

2
α2l2a2ν2

]
u2

,xx dx dy

+
∫ ∫

A

[
N − 1∑

i = 0

1

2
α2(l + 1)2a2ν2 +

N − 1∑

i = 0

1

2
α2l2a2ν2

]
v2

,xx dx dy

+
∫ ∫

A

[
N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

]
u,xxv,xy dx dy

+
∫ ∫

A

Nα2a(ν2 − ν)u,x u,xx dx dy

+
∫ ∫

A

Nα2a(ν2 − ν)u,xv,xy dx dy

+
∫ ∫

A

[
N − 1∑

i = 0

1

2
α2(l + 1)2a2ν2 +

N − 1∑

i = 0

1

2
α2l2a2ν2

]
v2

,yy dx dy

+
∫ ∫

A

[
N − 1∑

i = 0

1

2
α2(l + 1)2a2ν2 +

N − 1∑

i = 0

1

2
α2l2a2ν2

]
u2

,xy dx dy

+
∫ ∫

A

[
N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

]
u,xyv,yy dx dy
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+
∫ ∫

A

Nα2a(ν2 − ν)v,yv,yy dx dy

+
∫ ∫

A

Nα2a(ν2 − ν)v,yv,xy dx dy

+
∫ ∫

A

Nα2aν2u,xxv,y dx dy +
∫ ∫

A

Nα2aν2v,xyv,y dx dy

+
∫ ∫

A

Nα2aν2u,xyu,x dx dy +
∫ ∫

A

Nα2aν2v,yyu,x dx dy

(4)

The work of external forces, W , is

W =
∫ ∫

i

w(x, y, t)q(x, y, t) dx dy +
∫

S

(Pu + Qw + Mψ) ds

(5)

where S is the geometry boundary, q the applied dynamic loading
density, P the axial force, Q the shear force, and M the bending
moment.

B. Equations of Motion
The equations of motions for the platelike nanostructured materi-

als can be obtained through Hamilton’s stationary principle. Hamil-
ton’s principle between two time stages t1 and t2 can be mathemat-
ically expressed as

δ

∫ 2

1

(U − W − T ) dt = 0 (6)

Substituting Eqs. (2), (4), and (5) into Eq. (6) and performing the
variation, we obtain the equations of motion of the plate as follows.

For δu:

−2

(
Nα2(1 − ν)2 + (α1 + α2)

(
Nν2 + N + 1

2

))
∂2u

∂x2

− 2α2

(
N + 1

2

)
∂2u

∂y2
− (

4Nα2 + 2α2 + 2Nα1ν
2 + 4Nα2ν

2

− 4Nα2ν
) ∂2v

∂x∂y
+

(
N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)
∂4u

∂x4

+
(

N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)
∂4v

∂x3∂y

+
(

N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)
∂4u

∂x2∂y2

+
(

N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)
∂4v

∂x∂y3

− Nα2a(ν2 − ν)
∂3v

∂x2∂y
+ Nα2a(ν2 − ν)

∂3v

∂x∂y2

+ Nα2aν2 ∂3v

∂x2∂y
− Nα2aν2 ∂3v

∂x∂y2
+ (2N + 1)ρaü

−
(

N∑

i = −N

l2

)
ρa3ν2 ∂2ü

∂x2
−

(
N∑

i = −N

l2

)
ρa3ν2 ∂2v̈

∂x∂y
= 0 (7a)

For δv:

−2

(
Nα2(1 − ν)2 + (α1 + α2)

(
Nν2 + N + 1

2

))
∂2v

∂y2

− 2α2

(
N + 1

2

)
∂2v

∂x2
− (

4Nα2 + 2α2 + 2Nα1ν
2 + 4Nα2ν

2

− 4Nα2ν
) ∂2u

∂x∂y
+

(
N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)

× ∂4v

∂y4
+

(
N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)
∂4u

∂x3∂y

+
(

N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)
∂4v

∂x2∂y2

+
(

N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

)
∂4u

∂x∂y3

+ Nα2a(ν2 − ν)
∂3u

∂x2∂y
+ Nα2a(ν2 − ν)

∂3u

∂x∂y2

− Nα2aν2 ∂3v

∂x2∂y
+ Nα2aν2 ∂3v

∂x∂y2
+ (2N + 1)ρav̈

−
(

N∑

i = −N

l2

)
ρa3ν2 ∂2v̈

∂y2
−

(
N∑

i = −N

l2

)
ρa3ν2 ∂2ü

∂x∂y
= 0

(7b)
For δw:

−2Nα2
∂2w

∂x2
− 2Nα2

∂2w

∂y2
+ Naα2

∂2ψx

∂x2
+ 2Nα2

∂ψx

∂x

+ Naα2
∂2ψx

∂y2
+ 2Nα2

∂ψy

∂y
+ (2N + 1)ρaẅ − q = 0 (7c)

For δψx :

−2

(
N − 1∑

i = 0

α1(1 + l)2a2 + 3

2

N − 1∑

i = 0

α2(1 + l)2a2 + 1

2

N − 1∑

i = 0

α2l2a2

)

× ∂2ψx

∂x2
+ 2Nα2ψx + Naα2

∂2w

∂x2
− 2Nα2

∂w

∂x

− 2
N − 1∑

i = 0

α2(1 + l)2a2 ∂2ψx

∂y2
− 4

N − 1∑

i = 0

α2(1 + l)2a2 ∂2ψy

∂x∂y

+
N∑

i = −N

(ρa3l2)ψ̈x = 0 (7d)

For δψy :

−2

(
N − 1∑

i = 0

α1(1 + l)2a2 + 3

2

N − 1∑

i = 0

α2(1 + l)2a2 + 1

2

N − 1∑

i = 0

α2l2a2

)

× ∂2ψy

∂x2
+ 2Nα2ψy + Naα2

∂2w

∂y2
− 2Nα2

∂w

∂y

− 2
N − 1∑

i = 0

α2(1 + l)2a2 ∂2ψy

∂x2
− 4

N − 1∑

i = 0

α2(1 + l)2a2 ∂2ψx

∂x∂y

+
N∑

i = −N

(ρa3l2)ψ̈ yx = 0 (7e)

III. Comparison of the Nanoplate Model
with the Corresponding Lattice Model

To evaluate the accuracy of the nanoplate model, the displacement
equations of motion, Eqs. (7a–7e), are used to study the propagation
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Fig. 3 Three-layered nanostructured material for dispersion analysis.

Fig. 4 Representative cell of lattice model.

of plane harmonic waves in the nanoplate and the resulting phase
velocities are compared with those according to the lattice model.
We consider harmonic waves propagating in the x direction in a
three-layered nanomaterial as shown in Fig. 3. In this example, the
plane strain condition parallel to the x–y plane is adopted. We first
derive the dispersion relations with the lattice model and then with
the nanoplate model.

A. Lattice model
Harmonic wave propagation in the lattice model can be analyzed

using a representative cell as shown in Fig. 4. This representative cell
can be arbitrarily chosen in the x and y directions because the plane
strain condition is assumed in the y direction and the dimension in
the x direction is infinite. The equations of motion at middle cell
points 14, 5, and 23 along the thickness direction can be formulated
with Newton’s second law as

m
d2u(14)

dt2
= −α1[2u(14) − u(13) − u(15)] + α2

2
[u(12) − u(14)

−v(12) + v(14)] + α2

2
[u(18) − u(14) + v(18) − v(14)]

+ α2

2
[u(16) − u(14) − v(16) + v(14)] + α2

2
[u(10) − u(14)

+ v(10) − v(14)] + α2

2
[u(22) − u(14) − w(12) + w(14)]

+ α2

2
[u(4) − u(14) + w(4) − w(14)] + α2

2
[u(6) − u(14)

− w(6) + w(14)] + α2

2
[u(24) − u(14) + w(24) − w(14)]

(8a)

m
d2v(14)

dt2
= −α1[2v(14) − v(17) − v(11)] + α2

2
[−u(12) + u(14)

+ v(12) − v(14)] + α2

2
[u(18) − u(14) + v(18) − v(14)]

+ α2

2
[−u(16) + u(14) + v(16) − v(14)] + α2

2
[u(10) − u(14)

+ v(10) − v(14)] + α2

2
[v(20) − v(14) − w(20) + w(14)]

+ α2

2
[v(2) − v(14) + w(2) − w(14)] + α2

2
[v(8) − v(14)

− w(8) + w(14)] + α2

2
[v(26) − v(14) + w(26) − w(14)]

(8b)

m
d2w(14)

dt2
= −α1[2w(14) − w(23) − w(5)] + α2

2
[−v(20)

+ v(14) + w(20) − w(14)] + α2

2
[v(2) − v(14) + w(2)

− w(14)] + α2

2
[−v(8) + v(14) + w(8) − w(14)]

+ α2

2
[v(26) − v(14) + w(26) − w(14)] + α2

2
[−u(22)

+ u(14) + w(12) − w(14)] + α2

2
[u(4) − u(14) + w(4)

− w(14)] + α2

2
[−u(6) + u(14) + w(6) − w(14)]

+ α2

2
[u(24) − u(14) + w(24) − w(14)] (8c)

m
d2u(5)

dt2
= −α1[2u(5) − u(4) − u(6)] + α2

2
[u(3) − u(5)

− v(3) + v(5)] + α2

2
[u(9) − u(5) + v(9) − v(5)]

+ α2

2
[u(7) − u(5) − v(7) + v(5)] + α2

2
[u(1) − u(5) + v(1)

− v(5)] + α2

2
[u(13) − u(5) − w(13) + w(5)]

+ α2

2
[u(15) − u(9) + w(15) − w(5)] (8d)

m
d2v(5)

dt2
= −α1[2v(5) − v(2) − v(8)] + α2

2
[−u(3) + u(5) + v(3)

− v(5)] + α2

2
[u(9) − u(5) + v(9) − v(5)] + α2

2
[−u(7) + u(5)

+ v(7) − v(5)] + α2

2
[u(1) − u(5) + v(1) − v(10)]

+ α2

2
[v(11) − v(5) − w(11) + w(5)]

+ α2

2
[v(17) − v(5) + w(17) − w(5)] (8e)

m
d2w(5)

dt2
= −α1[w(5) − w(14)] + α2

2
[−v(11) + v(5) + w(11)

− w(5)] + α2

2
[v(17) − v(5) + w(17) − w(5)]

+ α2

2
[−u(13) + u(5) + w(13) − w(5)]

+ α2

2
[u(15) − u(5) + w(15) − w(5)] (8f)

m
d2u(23)

dt2
= −α1[2u(23) − u(24) − u(22)] + α2

2
[u(21) − u(23)

− v(21) + v(23)] + α2

2
[u(27) − u(23) + v(27) − v(23)]

+ α2

2
[u(25) − u(23) − v(25) + v(23)] + α2

2
[u(19) − u(23)
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+ v(19) − v(23)] + α2

2
[u(13) − u(23) + w(13) − w(23)]

+ α2

2
[u(15) − u(23) + w(15) + w(23)] (8g)

m
d2v(23)

dt2
= −α1[2v(23) − v(20) − v(26)] + α2

2
[−u(21) + u(23)

+ v(21) − v(23)] + α2

2
[u(27) − u(23) + v(27) − v(23)]

+ α2

2
[−u(25) + u(23) + v(25) − v(23)] + α2

2
[u(19) − u(23)

+ v(19) − v(23)] + α2

2
[v(11) − v(23) + w(11) − w(23)]

+ α2

2
[v(17) − v(23) − w(17) + w(23)] (8h)

m
d2w(23)

dt2
= −α1[w(23) − w(14)] + α2

2
[v(11) − v(23) + w(11)

− w(23)] + α2

2
[−v(17) + v(23) + w(17) − w(23)]

+ α2

2
[u(13) − u(23) + w(13) − w(23)]

+ α2

2
[−u(15) + u(23) + w(15) − w(23)] (8i)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

mω2 − 2α1

+2α1 cos ka 0 α2 cos ka iα2 sin ka α2 cos ka −iα2 sin ka
−4α2 + 2α2 cos ka

mω2 − 2αi α1 + α2+ α1 + α2+
0 iα2 sin ka −iα2 sin ka

−4α2 α2 cos ka α2 cos ka
mω2 − 2α1

α2 cos ka −iα1 sin ka +2α1 cos ka 0 0 0
−3α2 + 2α2 cos ka

α1 + α2+ mω2 − α1

−iα2 sin ka 0 0 0
α2 cos ka −2α2

mω2 − 2α1

α2 cos ka iα2 sin ka 0 0 +2α1 cos ka 0
−3α2 + 2α2 cos ka

α1 + α2+ mω2 − α1

iα2 sin k 0 0 0
α2 cos ka −2α2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (14)

where u(14), v(14), and w(14) are the x , y, and z displacements,
respectively, at discrete point 14, etc.

We also introduce (m, n, l) in the following way to identify the
point positions near point 14:

x = ma, y = na, z = la (9)

where n, p, and l = −1, 0, or 1. For example, we can use (1, 0, 0)
to identify the position of point 15, etc.

For a plane harmonic wave propagating in the x direction, dis-
placements u and w can be assumed to be in the following form:

A exp[i(kma − ωt)] (10)

with displacement v = 0. In Eq. (10), ω is angular frequency, A is
wave amplitude, and k is wave number. Wave number k is related
to wave length λ as

kλ = 2π (11)

Also, angular frequency ω is related to phase velocity c by the
relation

kc = ω (12)

Motivated by the wave propagation solution form for a two-
layered continuum medium,16 the wave propagation solution of the
lattice model can be assumed of the following form:

u1(n, p, 0) = A1 exp[i(kna − ωt)] (13a)

w1(n, p, 0) = B1 exp[i(kna − ωt)] (13b)

u2(n, p, 1) = A2 exp[i(kna − ωt)] (13c)

w2(n, p, 1) = B2 exp[i(kna − ωt)] (13d)

u3(n, p, −1) = A3 exp[i(kna − ωt)] (13e)

w3(n, p, −1) = B3 exp[i(kna − ωt)] (13f)

In Eqs. (13a–13f), u1, w1, u2, w2, u3, and w3 are the displacement
expressions for middle, upper, and lower lattice layers, respectively.
The substitution of Eqs. (13a–13f) in the displacement equations
of motion (8) yields a system of six homogeneous equations for
A1, A2, A3, B1, B2, and B3. The dispersion equation is obtained by
requiring that the determinant of coefficients vanishes. The resulting
dispersion equation can be written as

Equation (14) it can be solved numerically for angular frequencies
for each given wave number.

B. Nanoplate model
For the nanoplate model, we assume the harmonic wave solutions

of the form17

u = A exp[i(kx − ωt)] (15a)

w = B exp[i(kx − ωt)] (15b)

ψx = C exp[i(kx − ωt)] (15c)

with v = 0 and ψy = 0. Substitution of these expressions in the equa-
tions of motion (7a–7e) yields

A






2

[
Nα2(1 − ν)2 + (α1 + α2)

(
Nν2 + N + 1

2

)]
k2

+
[ N − 1∑

i = 0

α2(l + 1)2a2ν2 +
N − 1∑

i = 0

α2l2a2ν2

]

× k4 − 3ρaω2 − 2ρa3ν2k2ω2






= 0

(16a)
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B
[
2α2k2a − 3ρa2ω2

] + C
[
i2α2ka − a2k2a2

] = 0 (16b)

B
[ − i2α2ka − α2k2a2

] + C
[
2α2a + 2(α1 + 3α2/2)k2a3

− 2ρa4ω2
] = 0 (16c)

From Eq. (16a), we can obtain the dispersion equation for the
longitudinal wave as

β =

√√√√2
(

Nα2(1 − ν)2 + (α1 + α2)
(

Nν2 + N + 1
2

)) +
(∑N − 1

i = 0 α2(l + 1)2ν2 + ∑N − 1
i = 0 α2l2ν2

)
ξ 2

3α2 + 2ν2ξ 2α2
(17)

where

β = c/(α2/aρ)
1
2 (18)

is dimensionless wave velocity and ξ = ka is dimensionless wave
number.

The dispersion equation for the flexural wave is obtained from
Eqs. (16b) and (16c) with the result
∣∣∣∣

2α2k2a − 3ρa2ω2 i2α2ka − α2k2a2

−i2α2ka − α2k2a2 2α2a + 2(α1 + 3α2/2)k2a3 − 2ρa4ω2

∣∣∣∣ = 0

(19)

which is solved numerically for the angular frequency.

C. Comparison of Results
The dispersion curves obtained with the lattice model and the

nanoplate model, respectively, are plotted in Fig. 5 in which the
parameters used are α1 = 2.02 N/m, α2 = 1.10 N/m (Ref. 13), and
v = 0.26. For the first mode, the flexural wave, good agreement
in phase velocities according to these two models is noted up to
ka ≈ 1.5, which corresponds to a wavelength of about 4a. For the
longitudinal wave, the nanoplate solution agrees with the lattice
model solution for wavelengths greater than 16a.

IV. Cylindrical Bending of a Nanoplate
To assess the ability of the nanoplate model in predicting the de-

formation of platelike nanomaterials and evaluate the applicability
of classical continuum theory (continuum theory without consider-
ing the nanosize effect) in the prediction of Young’s modulus from
nanoscale experiments, cylindrical bending of a three-layered can-
tilever nanoplate subjected to a uniform transverse load q, as shown
in Fig. 6, is investigated. Three models are considered, namely, the

Fig. 5 Propagation of plane harmonic wave in a three-layered nano-
material (modes 1 and 2).

Mindlin plate theory, the nanoplate model, and the lattice model.
The plate is composed of three atom layers, and the length of the
plate is chosen as L = 200a, which will allow the continuum treat-
ment along the x direction. In this analysis, a = 1.74 × 10−10 m.
The length along the y direction is assumed to be infinite.

A. Mindlin Plate Theory
In the continuum Mindlin15 plate theory, the governing equations

are18

A55

(
∂ψx

∂x
+ ∂2w

∂x2

)
+ q = 0 (20a)

D11
∂2ψx

∂x2
− A55

(
ψx + ∂w

∂x

)
= 0 (20b)

where

D11 = Eh3/12(1 − ν2), A55 = hE/2(1 + ν) (21)

where E is Young’s modulus, v is Poisson’s ratio, and h is the thick-
ness of the plate. Following Ref. 10, the thickness of the continuum
that represents a single atom layer is defined to be equal to the
atomic spacing a. Thus, for the three-layered cantilever nanoplate,
the thickness is h = 3a.

The boundary conditions are, at x = 0,

w = 0, ψx = 0 (22a)

and at x = L ,

Mx = 0, Qx = 0 (22b)

where Mx and Qx are resultant moment and shear force, respectively.
They are related to the displacement w and ψx through

Mx = −D11
dψx

dx
(23a)

Qx = A55γxz = A55

(
dw

dx
+ ψx

)
(23b)

Fig. 6 Cylindrical bending of three-layered nanomaterial subjected to
a uniform transverse load q.
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Solving Eqs. (20a) and (20b) with boundary conditions (22a) and
(22b), we obtain the deflection of the plate as

w = (1/24)(q/D11)x4 − (1/6)(q/D11)Lx3

+ [−q/2A55 + (1/4)(q/D11)L2
]
x2 + (q/A55)Lx (24)

The maximum deflection occurs at x = L:

wmax
1
8 (q/D11)L4 + (

q L2/2A55

)
(25)

B. Nanoplate Model
For cylindrical bending, nanoplate field equations given by

Eqs. (7a–7e) reduce to

−2Nα2
d2w

dx2
+ Naα2

d2ψx

dx2
+ 2Nα2

dψx

dx
− q = 0 (26a)

A
d2ψx

dx2
+ 2Nα2

(
ψx − dw

dx

)
+ Naα2

d2w

dx2
= 0 (26b)

where

A = −2

[
N − 1∑

i = 0

α1(1 + l)2a2 + 3

2

N − 1∑

i = 0

α2(1 + l)2a2 + 1

2

N − 1∑

i = 0

α2l2a2

]

(27)

The boundary conditions are the same as conditions (22a) and (22b).
The relation between Mx and Qx and the displacements w and ψx

are obtained from the taking the variation of Eq. (6). We have

Qx = 2Nα2
dw

dx
− Naα2

dψx

dx
− 2Nα2ψx (28a)

Mx = −A
dψx

dx
+ Naα2ψx − Naα2

dw

dx
(28b)

Solving Eqs. (26a) and (26b) with boundary conditions (28a) and
(28b), we obtain the deflection of the plate as

w = Na2α2 + 2A

4Nα2

(
− q

Na2α2 + 2A
x2 + C1x

)

+ a

2

(
−1

3

q

Na2α2 + 2A
x3 + 1

2
C1x2 + C2x

)

− 1

12

q

Na2α2 + 2A
x4 + 1

6
C1x3 + 1

2
C2x2 − qa

4Nα2
x (29)

where

C1 = 2q L + qa

Na2α2 + 2A

C2 =
[(

−L A − Na3 + 2Aa

4
− Na2α2 L

2

)
2q L + q A

Na2α2 + 2A

+ 2q L2 + 2qaL + qa2

4

]/(
A + Na2α2

2

)

The maximum deflection occurs at x = L:

wmax = Na2α2 + 2A

4Nα2

(
− q

Na2α2 + 2A
L2 + C1 L

)

+ a

2

(
−1

3

q

Na2α2 + 2A
L3 + 1

2
C1 L2 + C2 L

)

− 1

12

q

Na2α2 + 2A
L4 + 1

6
C1 L3 + 1

2
C2 L2 − qa

4Nα2
L

C. Lattice Model
The analysis with the lattice model is performed with the aid of

the commercial finite element code ANSYS. Element COMBIN 14

Fig. 7 Lattice model of three-layered nanomaterial subjected to a uni-
form transverse load q.

Fig. 8 Maximum deflection d, which appears at the right end of the
plate, of three-layered nanomaterial as a function of uniform transverse
load q.

is used to model the first and second neighbor reaction force springs
between atoms. In view of the nature of cylindrical bending, a rep-
resentative strip of the plate, as shown in Fig. 7, is taken for analysis.
Because of the repetitive requirement on representative strips, the
spring constants for the elements in the front and back surfaces of
the strip are half of the actual values. The displacements of the nodes
in the front and back surfaces are suppressed in the y direction. The
load with a magnitude of qa2/4 is applied to each node in the top
and bottom surfaces.

Figure 8 shows the maximum deflection δ of the three-layered
nanoplate as a function of a uniform transverse load q. For the
lattice model, δ is chosen as the deflection of the middle node at
the right end of the plate. In applying the Mindlin plate theory, both
Young’s modulus E according to the lattice model (see Ref. 10)
and its continuum limit Ec are used. It is evident that, at a fixed
transverse load q, the predicted maximum deflection obtained with
the nanoplate model is very close to that obtained with the lattice
model, having a maximum difference of 3%. In contrast, the Mindlin
plate theory underestimates the maximum deflection by 26% when
Ec is used and by 18.5% when E is used. This implies that if an
experimentally measured deflection is used to determine the Young’s
modulus of a nanoplate with the aid of the Mindlin plate theory, the
Young’s modulus will be underestimated.

V. Conclusions
A nanoplate model that can be used to analyze the deformation

of platelike nanomaterials has been developed based on a semi-
continuum approach. This model retains the discrete properties of
the material along the thickness dimension while treating it as a
continuum along the in-plane dimensions. From the analysis of dis-
persion of harmonic waves, it was found that the present model
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yields very good agreement with the lattice model for wavelengths
greater than 4a and 16a for the flexural wave and the longitudinal
wave, respectively.

From the study in cylindrical bending of a three-layered can-
tilever nanoplate, it was found that the nanoplate model can predict
the deflection with reasonable accuracy as compared with the lattice
model. It was also noted that the continuum Mindlin plate theory
tends to overestimate the bending stiffness of the nanoplate. Conse-
quently, when used in data analyses, the continuum Mindlin plate
theory will underestimate the Young’s modulus of the nanoplate.
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